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WHEN CITIES LOSE THEIR TAIL

SPRAWL AS A CONFIGURATIONAL MATTER

VALERIO CUTINI

ABSTRACT
Two main theses and a more general one underlie this paper.
The first thesis is that the distribution of some of the configurational indices narrowly approximates a
Paretian trend, thus appearing as a power function of their rank: the distinguishing feature, in fact, is
not only the presence of a few number of lines with huge choice values, but also that those few lines
actually coexist with a large number of scarcely chosen ones; number that increases as values decrease,
what appears simply defying a bell curve. The absence of a peak in a power law distribution implies
that there is no such a thing as a scale: we observe a continuous hierarchy of lines, spanning from
those with highest values, followed by some less frequently present in the connection paths, then by
dozen that are even more neglected, up to the more and more numerous deserted ones, so as to
conform the urban grid to a fractal structure, according to that power law distribution that was
acknowledged as a ‘patent signature’ of self-organization in complex systems (Jiang, 2007; Barabasi,
2014). Yet, if this law actually appears working well for the smallest ranks, it doesn’t fit the same for
biggest ranks: a better fitting can be obtained multiplying the power law by an exponential function,
thus providing the Zipf law with a smooth exponential cut-off.
The second thesis is that such distribution decays in sprawled settlements, whose growth is actually
characterized by low density, scattered urbanization and leapfrogging: here the results of some case
studies indicate the presence of an abrupt cut-off in the distribution of choice, sharply breaking its tail;
the more dispersed is actually the external development, the sooner and more steeply the tail appears
to decay. In such cases a double slope seems to arise, so that the distribution of choice almost appears
as a two regimes power law, composed by the initial Zipf law and followed by a steep sloping decay.
A more general thesis gathers the two above: it will be argued that sprawl is mainly a relational
phenomenon. Commonly perceived in the forms of traffic congestion, lack of pedestrian movement,
depletion of inner cores, external concentration of shopping centres, absence of functional variety,
landscape desolation, loss of local identities: all issues whose primary cause can be found in the
configurational state, according to a clear logic and in measurable terms. Whose distinctive hallmark
seems to be, among others, just the sharp cut-off of the tail in the distribution of choice, which
materializes the breaking in the scale invariance of the system.
The findings of several case studies seem to validate the thesis above: most of the phenomena that for
decades now have been feeding the debate on urban sprawl appear anything but the predictable effects
of the changes of spatial relationships caused by the suburbanization; whose clue can be detected in
the slope of this function, the threshold from which it starts, the sharpness of the fracture with the
initial curve. What will also provide some guidelines for rectifying the fracture and recomposing the
tail.
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1. INTRODUCTION

Natural and man-made phenomena produce either normal or non-normal patterns in the distribution of

variables. On the one hand, there is objective evidence of the clustering of many empirical quantities
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around a typical value. If we consider the height and weight of men or women, the temperature and

rainfall in Rome in springtime or the annual production of Tuscan wineries, we can easily observe that

those measures, although variable, still lie around typical values, which can hence be assumed as

representative of the general phenomenon. Significant deviations (very tall or heavy individuals, very

cold or dry seasons, bountiful or meagre harvests), which obviously occur, are still few, and distant

only few percentage points from the mean value in either direction. Such distributions are generally

called normal, or bell distributions, as represented by a curve that resembles a bell, symmetric at the

centre, having about half of the values on the two sides of the peak.

Normal distributions are generally welcome in statistic models, thanks to the comfortable appeal of

their features, as the symmetrical tails that on both sides exponentially decay provide a stable mean

value, small standard deviation and well defined confidence intervals, what makes the model suitable

for clearly reproducing a phenomenon and describing an aspect: men are approximately 1.75 high,

Roman springs are cool and moderately rainy (meanly 22°C and 180 mm), Tuscany is one of the

largest wine producer (meanly 2,5 million hl per year).

When it goes to cities, yet, things change: urban facts – or at least most of them – are anything but

normal. With the exception of some quantities that strictly depend on physical limitations, imposed

regulations or standardized measures (such as building height or width, artificial lighting, street width),

most things in cities are significantly skewed in their distribution and there are no typical values

around which they occur to cluster. Few districts are filled with shops, in front of a large number of

deserted ones; few streets are crowded with cars and pedestrians, in front of a large number of empty

ones; few areas are highly attractive to the real estate market, in front of a large number of poorly

valuable ones, few central areas face a large number of peripheral ones. There is no such a thing as a

mean density of shops and activities, a mean movement rate, a mean attractiveness, property or

centrality value; hence there are no typical streets, since the number of shops, the density of

movement and the values of property vary over a large range of values.

However, this deviation from normality, which often makes difficult to appraise and represent urban

facts, is not to be seen as a limit, but rather an indication of interesting underlying complexity in the

process of their generation: what emerged in the last decades from a large amount of studies in

complex social, biological and technological systems, depicting ‘non-normal’ distributions

characterized by the presence of a heavy tail, the distinctive feature of a power-law.

For years, a wide literature has shown that there is something that appears shared by the book market,

the use of words, the connections to web sites, the population of cities, the diameter of craters, the

magnitude of earthquakes, the size of animal species and the ‘urban facts’ we mentioned above: those

quantities, rather than clustering around recurring, intermediate values, result progressively declining

as the number of elements increases: few best sellers, few frequently repeated words, few internet

hubs, few great cities, few disastrous earthquakes, few big animals, few central streets.

In the field of urban studies, apart from the pioneering work of Batty and Longley (1994) on fractal

cities, in the recent years probably hardly anyone more than Bin Jiang has insisted on the inverse

power distribution of some spatial properties; based on the idea that ‘the topologies of urban street

networks are far from random, but small worlds with scale free property’ (Jiang, 2007, p. 654), Jiang

argues for the suitability of a complex-network perspective for capturing a hierarchical structure of
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open spaces in an urban environment (Jiang, 2009a; Jiang, 2013; Jiang, Okabe, 2014; Jiang, 2015),

and stresses the need of a topologic approach to the urban street network for a deeper understanding of

city complexity (Jiang, Claramunt, 2004; Kalapala et al., 2006; Jiang, 2009b).

On this basis, this paper will focus on the distribution of choice values resulting from angular segment

analysis, applied to some urban settlements in Tuscany selected as case studies. The study will be

aimed at exploring the extent to which they actually approximate a power law pattern, as a power

function of their rank: and investigating if such trend is influenced by the spatial organization of the

grid, as it results over time from different modes of growth and development. Based on the

correspondence of that variable with individual and collective behaviours, the findings are expected to

enlighten the effects of spatial pattern on a variety of urban phenomena; and, in particular, to provide

a different point of view over many of the deprecated features of the suburban landscape, so as to

acknowledge the urban sprawl as a relational matter, depending on (or at least profoundly influenced

by) the configurational state of the spatial system.

2. URBAN MOVEMENT AND CONFIGURATION
Like many other urban phenomena, the distribution of movement flows along the streets appears

anything but normal. Practically in any city, empirical evidence shows few streets that in several

moments of each day appear crowded with people, and, on the contrary, a large number of streets that

remain nearly deserted all day long. In order to provide such a common appearance with the objective

support of an experimental evidence, the pedestrian movement flows were actually observed on the

urban grid of the historic centres of Lucca and Siena: a good number (25) of counting stations were

located in order to cover the whole settlement and get the number of persons passing through each of

its streets at the same hour (11,00-12,00 in the morning) of the same day (Tuesday), and the

observation was repeated in three different dates in the month of October. The pedestrian mode of

movement was preferred as more pervasive and not influenced (or poorly influenced) by particular

elements, such as the width and paving of the streets, the presence of parking areas, traffic regulation

or possible congestions. The case studies were selected for their size and structure: the centres of

Lucca and Siena are similar in dimension and population, and both – substantially unchanged in the

last century - are included within a complete town-walls perimeter, what allows considering a clearly

defined system. Apart from that, from a geometric and morphological point of view Lucca and Siena

are as different as two cities can be: Lucca is located on the plain, and its main grid, heritage of its

Roman origins, is orthogonal (the ancient cardus and decumanus can be easily recognized) and

included within a regularly polygonal town-walls dating back to the late Renaissance period; Siena is

located on the top of a steep hill, and its grid is highly irregular, with a large amount of sinuous paths,

included within an articulated medieval town-walls perimeter. As for the movement observation, a

large and variegated set of streets (about one tenth of their total number, including central and external

ones) was selected, in order to compose a representative sample of their whole range. Month, day and

hour were selected in order to avoid, as far as possible, the coincidence with particular events (street

markets, celebrations) and local occurrences (touristic peaks, opening and closing hours of schools

and workplaces), while the repetition was aimed at mitigating the effects of weather conditions,
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incidental events and fortuitous occurrences, so as to provide each street with a representative and

reliable mean movement rate.

In order to represent and discuss the distribution of movement rates, a Zipf approach was used, posing

the actual movement rates on the vertical axis and their decreasing rank on the horizontal one. The

results of the observation (fig. 1) strongly confirm the intuitive perception of the phenomenon,

suggesting highly skewed distributions: in Lucca only one of the 25 selected streets exceeds the 95th

percentile of movement rates, while 18 streets, that is far more than their half, are under the 5th

percentile; in Siena, one again and 14 of the 25 streets are respectively over and above the same

thresholds. Those results are summarized in figure 1, showing the rate distribution and the rank-rate

correspondence on a log-log diagram.

Figure 1. Movement rate distribution and rank-rate movement correspondence in Lucca and Siena on a log-log diagram

Roughly speaking, we may therefore assert that in the observed case studies a very small percentage

of the streets absorbs a large majority of pedestrian traffic, complementarily leaving to the many other

streets only the few remnants: less than 5% streets seem to form the actual backbone of the pedestrian

street network.

We may also notice the absence of scale effects: from the most crowded street up to the deserted ones,

the number of streets progressively increases as the actual movement rate declines, so as to suggest

the presence of an inverse-power distribution, according to a Zipf law, or rank-rate rule, described by

the typical function:

� t h ∙ ���

where M is the movement rate, r the rank of the line, ß the exponent of the rank-rate rule and C a

constant, equal to the highest movement rate; what, in a log-log scale, is obviously translated into the

linear expression:

�Ro� t log h − � log �

As it is well known, the Zipf law actually corresponds to the Pareto distribution, which is named after
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Vilfredo Pareto as the power-law probability distribution that was originally applied to describe

the distribution of wealth in a society, reproducing the trend that a very large portion of affluence is

held by a small part of the population. The Pareto law generally poses the observed values on the x-

axis and the cumulative frequency on the vertical one, thus essentially inverting the Zipf law axes. For

this reason, the two expressions Zipf trend and Paretian trend, although literally distinct, will be here

indifferently used to refer to a distribution following (or narrowly approximating) a power law

(Newman, 2005).

The objective evidence from our case studies attests the approximate compliance of movement rates

to a power law, with the obvious exception of the zero values of movement rates on some of the

streets, which a power law evidently would not admit: a Paretian trend that was said to be a hint - or a

‘patent signature’ (Jiang, 2007; Barabasi, 2014) - of the self-organization of a complex system. If

some of the features that characterize the self-organized street networks have already been

investigated (among others, Buhl et al., 2006), here the self-organization is inferred from the pattern

of movement. What, more in general, was differently put: ‘self-organization of cities around natural

movement is an important demonstration of complexity. Without anyone having willed or designed it

that way, the aggregate actions of the millions of residents of London, all randomly travelling from

one point to another of the network, resulted in the production of a fractal structure of the urban grid’

(Helie, 2008).

3. THE PARETIAN TREND OF CONFIGURATIONAL VALUES

The correspondence of the distribution of movement flows with the configuration of the urban grid
has been widely discussed, since movement has a key role as the very interface between the grid
configuration and the location of activities (Hillier et al. 1993). Space syntax is strongly based on this
role, which suggests to conceptualize an urban grid as a structure determining some potential
movement along its paths: the grid works as a ‘mechanism for generating contacts’ (Hillier, 1996)
between the located activities, that’s to say a spatial device aimed at optimizing movement and
maximizing interactions and contacts. Such idea appears echoing the Alexander’s view of a ‘city as a
mechanism for sustaining intimate contacts’ (Alexander, 1967, p. 86), reinforced and specified with
the fundamental role assigned to movement: ‘urban grids seem to be structured in order to create, by
the generation and channelling of movement, a kind of probabilistic field of potential encounter and
avoidance’ (Hillier et al. 1993, p. 32). This allows to suppose that the pattern of urban movement is
primarily determined by the configuration of the grid, no matter the origins and destinations of any
single material interaction: what leads to assume movement as ‘fundamentally a morphological issue,
a functional product of the intrinsic nature of the grid’ (Hillier et al. 1993, p. 32). On its turn,
movement appears playing the crucial interface role between the urban space and the social forces that
operate within it, thus primarily influencing the making of urban geography, as a result of the different
requirement of co-presence expressed by the activities: ‘The social city would be inconceivable
without the fundamental network of linear spaces that link all parts of the city into a unified and
structured network of movement and co-presence (Hillier, Netto, 2001, p. 21).
Based on this conceptual hypothesis, numerous researches so far have gone investigating on the
correspondence of actual movement rates with the distribution of configurational indices, resulting
from the analysis of the grid configuration. Most of those studies were aimed at verifying if the space
syntax techniques can be assumed as a reliable tool for simulating and predicting the distribution of
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movement; and, accordingly, at verifying which of the configurational indices are actually suitable for
better reproducing the distribution of movement flows, so as to be considered as reliable indicators of
the movement pattern. The first issue has received a univocal response, now long established:
empirical studies on Amsterdam have shown density of occupation of public spaces and
configurational indices as correlated by an R2 coefficient ranging between 0.60 and 0.70 (Read, 1999),
in line with the results of several observations on the grid of London, which approximately extend
such range for pedestrian movement to 0.55-0.75 (Hillier et al. 1993; Penn et al., 1998; Hillier, Iida,
2005; Park, 2009); what can be summarized saying that in general over 60% of pedestrian movement
can be accounted for, or predicted by means of space syntax techniques on the basis of a topological
approach (Lerman et al., 2014), as it has been widely experienced (Omer, Goldblatt, 2016; Omer,
Kaplan, 2017). The second question gains a wider discussion: choice value and integration value are
generally disputed as to be the best correlated configurational index, that is the most suitable for
narrowly reproducing the distribution of movement flows (Hillier, Iida, 2005; Turner, 2007), also in
relation to the different method of analysis; while other parameters, such as the so-called intensity, are
also pointed out by some authors as strongly correlated (Park, 2009).

It is not the purpose of this paper to enter this discussion. Rather, the relationship between movement

and grid configuration will be here assumed as a key issue for investigating if also the configurational

state of the urban grid, in some form, is represented by means of ‘non-normal’ distributions, whose

heavy tail betrays some significant adherence to a power-law. In other words, if the distribution of

movement appears to follow a power law, and, on another side, it results correlated with some

configurational value, then the same trend will somehow characterize the grid configuration. Given its

primary role in the making of urban phenomena, the grid configuration itself will therefore be

acknowledged as the crucial element in shaping their Paretian trend, and movement in particular; what

would imply some relevant conceptual consequences to be therefore discussed.

On such basis, the correspondence of the observed movement rates with the distribution of choice

values resulting from the angular segment analysis of the grids of Lucca and Siena (fig. 3) was studied:

considering the same sample of streets selected above, a significant linear correlation was attested by

R2 values that in both cases are around 0.80 (fig. 2), thus supporting the assumption of angular choice

as a good indicator of the distribution of movement flows.

Figure 3. Correlation choice vs pedestrian movement in the grid of the historic core of Lucca (left) and Siena (right)
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Figure 2. Distribution of choice value in the grid of the historic core of Leghorn (top left), Lucca (top right), Pisa (bottom left)

and Siena (bottom right)

As sketched above, this suggests expecting also the distribution of choice to follow a superlinear

scaling trend, so as to approximate a power law; what, at a first and general view, the findings on a

larger sample of case studies seem to prove: if we observe the results of the angular segment analysis

of the grid of all the historic cores of Leghorn, Lucca, Siena and Pisa, few segments provided with

huge choice values actually coexist with a large number of scarcely chosen ones (fig. 4); number that

increases as values decrease, thus defying a bell curve and excluding the significance of a typical or

mean choice value.
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Figure 4. Distribution of choice values in the grid of the historic core of Leghorn, Lucca, Pisa and Siena

At a closer observation, studying the rank-choice correspondence on a log-log diagram (leaving aside

the obvious exception of the zero values of choice, corresponding to terminal segments, with

connectivity 1), things appear more articulated: a double slope seems to arise, so that the distribution

of choice almost resembles a two regimes power law, composed by the initial Zipf law (in red in fig. 5)

and followed by a steeper trend (in green), up to the final (almost vertical) sloping decay; the

transition between the two curves is so smooth as to make them read almost as a unique straight line,

descending from the primate segment up to a breaking point, after which the values of choice result to

rapidly fall. The same distribution of rank-choice values appears to characterize the configuration of

the inner core of Florence and Bologna, selected to verify the findings above on bigger case studies.

In other words, in all the observed cases the results show more a close resemblance than an actual and

complete compliance with a power law: the Paretian trend actually appears clearly recognizable for

the smallest ranks, with two different slopes; it doesn’t fit the same for biggest ranks, so much so that

it seems that a better fitting could be obtained multiplying the power law by an exponential function,

thus providing the Zipf law with a sharp exponential cut-off.

The meaning of this trend, which significantly differs from a linear one in a log-log scale, is that the

distribution of choice appears typically log-normal with a power-law tail. In general, such result is

anything but surprising; in the real world, few Paretian distributions actually follow a power law

throughout the entire range of the observed variable, and in particular it rarely occurs for its smallest

values: or, as it was pertinently put, ‘one often hears it said that the distribution of such-and-such a

quantity ‘has a power-law tail’’ (Newman, 2005, p. 330). What was otherwise written: ‘in practice,

few empirical phenomena obey power laws for all values of x. More often the power law applies only

for values greater than some minimum xmin. In such cases we say that the tail of the distribution

follows a power law’ (Clauset et al., 2009). All in all, it’s then a matter of tail.
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Figure 5. Rank-choice distribution in the grid of the historic cores of Leghorn, Lucca, Siena, Pisa, Florence and Bologna

The issue of whether a power law or log-normal distribution is better fitting for depicting some

empirically observed phenomena - in astronomy, biology, chemistry, economic and social sciences -

was for decades widely discussed, inducing some authors to admit that ‘it is not clear that a definitive

answer is possible; it may be that in seemingly similar situations slightly different assumptions

prevail’ (Mitzenmacher, 2004, p. 244).

The weakening of a Paretian alignment all over the range of values is hence so recurring either in

natural and artificial systems, that it has gone nurturing two main research strands: one aimed at

providing some generalized equations, or general fitting functions, suitable for analytically describing

these lower/upper-truncated power law distributions throughout the entire range of values (Burroughs,

Tebbens, 2001, among others); and the other, focusing on the way of drawing inferences from a

truncated trend, that is determining the power law slope preceding the final fall-off (Hill, 1970). For

our purposes, a concrete approach (‘from a more pragmatic point of view, it might be reasonable to

use whichever distribution makes it easier to obtain results’ (Mitzenmacher, 2004, p. 244)) appears

appropriate, suggesting to focus on the cut-off thresholds where the straight line is (upper and lower)

truncated, so as to discuss their presumable respective meaning from a configurational point of view.

In general, it may certainly be agreed that a strongly polarized distribution of choice values emerges

from the results above. Two ancient tools of the trade, specifically amended for our purpose, can be

9



Proceedings of the 12th Space Syntax Symposium

used in order to highlight this trend: the Lorenz curve, developed by Max Lorenz in 1905 for

graphically representing inequalities in the wealth distribution (Lorenz, 1905) and the Gini ratio,

established in 1910 for providing a measurement of such inequality and concentration (Gini, 1910).

In our case, posing the cumulative percentage of ordered lines on the x-axis and the cumulative

percentage of choice values on the y-axis, we obtain a very concave curve of Lorenz, well below the

diagonal that would stand for a perfectly uniform distribution of paths (figure 6): the further away

from the diagonal, the more unequal the distribution of paths.

Figure 6. The Lorenz curve of the distribution of choice in the grid of the inner core of Leghorn, Lucca, Pisa and Siena

The strongly unbalanced distribution of choice could even be quantified by means of the Gini

coefficient, equal to the ratio of the area included between the diagonal and the Lorenz curve

(concentration area) and the upper triangular area, also suitable for comparing the trend at several

subsequent dates (Gini, 1910). It ought to be noticed that the Lorenz curve was significantly modified

for our purposes: in fact, the original and proper version refers to the distribution of a given amount

(of wealth or income), in order to assess its inequalities. Here, the dimension of a spatial system (the

number n of segments composing the system) involves a certain amount of shortest path connecting
all pairs, equal to the binomial coefficient n

2 ; yet, the total quantity to be distributed (the sum of the

number of segments composing all those shortest paths) is actually variable, as depending on the

spatial organization of the grid. Despite those obvious difference, still its output seems useful to

provide an immediate representation (even a quantitative measure) of the degree to which the shortest

paths are distributed throughout the grid or, on the contrary, concentrated onto a limited number of

elements; pointing out, in particular, the high concentration resulting in all our cases, where less than

5% of the elements are interested by 95% of the shortest paths. More in general, the (unconventional)
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use of the Lorenz curve can suitably highlight the fact that a grid, as a system of mutually connected

segments, provides a complex of through-movement flows, the amount of which depends on the

spatial relationships between the elements; such by-product of the interactions within the grid can be

assumed as a patrimony of movement resources generated by the grid itself, which is to be shared on

its single elements, according to a – more or less – balanced distribution; the assessment of which was

precisely the purpose of Lorenz’s and Gini’s tools. In our case (fig. 6), the curve of Lorenz succeeds

in capturing the inequalities in sharing the fertilisation benefit that the irrigation of through movement

guarantees.

Three main questions seem to arise from the findings above, so as to deserve a wider discussion. The

first regards the conceptual meaning of the emergence of a Paretian distribution of choice, including

the conceivable reasons of its interruption for the smaller values. The second question concerns the

determination of this cut-off point, the threshold where the linear distribution begins to curve

downward. The third question refers to the diachronic variation of such threshold, concerning the way,

if any, the urban development affects the distribution of choice values and its actual adherence to a

power law.

The distribution of choice values according to a Paretian trend corresponds to the intuitive perception

of any observer regarding the distribution of movement flows, to which they are actually correlated: a

very small minority of streets are crowded with people, moving along them, in front of a vast majority

of streets deserted and passed over by the interaction flows. The empirical evidence of this trend,

provided by our case studies, attests the compliance of choice to a power law, recognizing it as a or a

‘patent signature’ (Jiang, 2007; Barabasi, 2014) of the self-organization of a complex system. The

progressive increasing of the number of lines with the decrease of their values seems to comply to a

well-known rich-get-richer logic: in the development of the spatial network, any addition is to some

extent governed by a criterion of preferential attachment, inducing to prefer the most connected and

easily accessible nodes; what, in the long run, makes the most used paths more and more chosen, on

the contrary increasingly setting aside the deserted ones (Barabasi, 1999). The same criterion of

preferential attachment, typical of any scale free network (Barabasi, 2014, p. 94), is what generally

makes the elements that happened to be on the shortest paths in the original urban structure to remain

among the most chosen as the settlement grows and develops: as in the cases of the cardo and

decumanus in Lucca, Florence and Bologna, prime choice streets in the Roman age as well as over the

centuries and today.

A rich-get-richer dynamic is even emphasized in the distribution of movement, due to the multiplier

effect played by the located activities, attracted by movement while on their turn attracting further

movement (Hillier et al., 1993). Closely related, a power law distribution of choice involves the

absence of any scale effect: the descending straight line represents a continuous hierarchy of segments,

spanning from those with the highest values, followed by some less frequently present in the

connection paths, then by dozen that are even more neglected, up to the more and more numerous

deserted ones, so as to conform the urban grid to a fractal structure. As known, in fact, fractality and

power law are two sides of the same process, as the dimension (D) of fractals is expressed by means a

power law

� � t � ∙ ���
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and represents an example of scale invariance: ‘scalability results from what Mandelbrot calls fractal

geometry. (…) Fractals are signified by power laws and rank/frequency distributions’ (Andriani,
McKelvey, 2009).

Moreover, the agreement of a significant configurational index as choice to a Paretian trend appears

consistent with the idea that several urban facts (such as the path lengths or the built elements)

follow – or are recommended to follow – a ‘multiplicity rule’, presenting self-similar at different

scales; asseverating this scaling rule is a key requirement for the vitality and liveability of urban space

(Salingaros, 2005), revealing what was called ‘an intricate interplay of scales within the urban system’

(Krafta, 2013). It is this fractal structure what seems to bind together the different scales of movement

all over the grid: ‘the city works to create strong probabilistic interfaces between (…) those moving in

the larger scale system and those moving in the smaller scale local areas. The city construct in effects

a series of probabilistic interfaces between scales of movement. (…) The need to interface scales of

movement is the situational constraint that has governed the process by which the urban pattern has

emerged’ (Hillier, Netto, 2001, p. 26).

4. THE FALL OF THE TAIL

Yet, as reminded above, this law actually appears working well for the smallest ranks and highest

choice values, but doesn’t fit the same for the biggest ranks, as values get small, where an exponential

cut-off appears to characterize the right tail of the distribution (fig. 5). A normalised measure of

choice would be necessary for the comparison of values in cities of different size; the question of the

normalisation of angular choice, deeply discussed by Hillier et al. (2012), is not trivial, since

normalised values don’t hence merely depend on the number of segments, being the total choice in a

segment map a function of its total depth; for such reason, a normalised measure was proposed and

tested (Hillier et al., 2012):

�th� t
ln  �h� 䞠 �က
ln �倀�䞠 �က

In the observed cases, the breaking of the straight Paretian line, certified by high r-square values (over

0.95), occurs around a value of normalised choice ranging from 1.05 to 1.10 (table 1).

Beyond this threshold, the curve assumes a typical exponential trend, due to the progressive and steep

decrease of choice values for the biggest ranks. R-square values, position of the threshold and

percentage of segments below hence beyond the fall-off are summarized in the table below.

R2 NAChmin p (%)

Leghorn 0.99 1.06 25.7

Lucca 0.97 1.05 50.0

Pisa 0.95 1.08 53.2

Siena 0.98 1.04 49.4

Florence 0.97 1.12 52.8

Bologna 0.94 1.10 55.1
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Table 1. R-square values of the curves of fig. 4, cut-off threshold and percentage p of segments beyond it

Some general conclusions can be drawn out from such findings. As a matter of fact, the values of

choice appear approaching a power law from their highest value up a minimum one; within this wide

range, their sequence provides a continuous scale-free hierarchy, materialized by a descending line in

a log-log diagram. Beyond that minimum threshold, approximately constant in the observed case

studies, values rapidly decrease, the tail progressively falls-off and the elements of the spatial system

no longer operate as a continuous hierarchy, according to a relational self-similarity. In view of the

configurational meaning of the choice index, the cut-off is then the threshold beyond which the spatial

elements no longer concur in collecting the flows throughout the whole grid and contributing to its

global movement pattern: in concrete terms, the streets that, located at the beginning of terminal paths,

only collect the connections of the end branches with the rest of the spatial network; after them,

choice values rapidly decrease to 0, as corresponding to those terminal branches (cul-de-sac and dead

ends). As a matter of fact, in the observed cases a percentage of segments ranging from 25% to 55%

remains beyond the cut-off.

The results of the empirical observations above seem consistent with the findings of several studies in

complex networks regarding the distribution of betweenness, which in mathematics corresponds to

choice: the betweenness b of a node v is in fact given by (Freeman, 1977):

� � t
�≠�≠�

�����က
���

�

being �����က the number of shorter paths from s to t through v and ��� the total number of shortest

paths from s to t. Goh et al. (2001) demonstrated that in a scale-free network the so-called ‘load’,

equivalent to the betweenness centrality, ‘has a long tail’ (Goh et al.,2001, p. 1), that is it is distributed

according to a power-law, and that this trend holds up to a cut-off threshold which depends on finite-

size effects. The same authors argue that the exponent of the power law distribution can be used for

classifying the scale-free networks, identifying two universal classes (Goh et al., 2002).

On this regard, they go further, arguing that complex networks, ubiquitous in real world, are

characterized by the presence of an underlying structure, the ‘skeleton’, a spanning tree which is

composed of the edges with highest values of betweenness, organized as a scale free network (Goh et

al., 2006); the edges that are connected to the skeleton, called shortcuts, contribute to form loops

extended all over the network, fractal in their turn.

Stressing the topologic organization of complex networks, Marc Barthelemy (2004) distinguishes two

categories: the ‘tree and tree-like’ networks, characterized by poor clustering and absence of loops,

and networks that are characterized by a large density of loops; in the first case, the exponent of the

power law is a function of the connectivity exponent, while in the second case the exponent depends

on different details, such as the average connectivity of the system.

In such view, the red line of the diagrams in figure 5, representing the segments with highest choice

values, seems to materialize the ‘skeleton’ of the spatial system, composing the underlying structure

here mentioned (Goh et al., 2006); the green line could hence depict the whole set of the segments that

are connected to the skeleton, a fractal structure extended up to the cut-off point of the Paretian
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distribution.

Such findings induce some further exploration, investigating if the trend that was described above is

influenced by the spatial organization of the grid, in order to observe the effects of different mode of

growth and development on the distribution of configurational values. With such purpose, the

settlements selected above seem ideal case studies, since their growth in the last decades appears

having followed clearly different spatial pattern as regard the density of urbanization: while Leghorn

and Pisa, as they result from their growth in the XX century, are commonly perceived as compact

cities, Lucca and Siena have been mainly growing according to a diffused and dispersed pattern, with

scattering and leapfrog urbanization, where the term leapfrog refers to a form that “characteristically

exhibits discontinuous development some way from a historic central core, with the intervening areas

interspersed with vacant land” (Besussi et al, 2010).
A boundless literature on the matter (among several others: Lessinger, 1962; Harvey, Clark, 1965;

Ewing, 1994; Gordon, Richardson, 1998; Burchell et al., 1998), acknowledges such features as

typically characterizing the global phenomenon that goes under the name of urban sprawl, despite all

the specificities it presents in the different geographic contexts. As to the bigger cities, Bologna and

Florence can respectively be assumed as examples of higher and lower density development. Some

rough information, here in table 2, is suitable for highlighting such differences, synthetized by the

different values of demographic density in the period 1931-2011, and by the variation of the mean

connectivity value in the respective axial map.

Table 2. Demographic and spatial trend of Leghorn, Lucca, Pisa, Siena, Florence and Bologna over the period 1931-2011

We may discuss if such differences in the development pattern have determined significant

differences in the distribution of configurational values, and, in particular, if they have somehow

affected the Paretian trend observed above. The present grid of the selected urban cases was therefore

analysed by ASA (in figure 7 the output of the analysis of Florence and Bologna), in order to compare

the rank-choice distribution to that within the inner core (substantially unchanged since the late XIX

century): the differences between the case studies, if any, can be ascribed - so some extent - to the

specific spatial pattern of the urban development in the last decades.

population

inhab.

area

km2

density
�R�m�
�t2

mean

connect.

population

inhab.

area

km2

density
�R�m�
�t2

mean

connect.

∆P/∆S
�R�m�
�t2

Leghorn 120,711 5.87 20,564 8.12 157,052 13.06 12,025 7.65 5,054

Lucca 79,852 3.98 20,063 6.28 110,138 44.95 2,450 3.42 739

Pisa 70,550 3.91 18,043 8.43 85,858 9.73 8,824 6.71 2,630

Siena 45,995 1.16 39,651 6.70 52,839 5.60 9,435 3.81 1,541

Florence 304,160 26.48 11,486 9.40 522,238 156.98 3,327 7.00 1,671

Bologna 249,226 24.65 10,111 5.48 371,337 71.15 5,008 7,67 2,626
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Figure 7. Spatial distribution of choice value in the grid of the historic core of Florence (top) and Bologna (bottom)

Similarities and differences actually emerge from the analysis: among the first, the evidence of a

power law in the middle of the data range and a sharp decay of the Paretian trend of choice for the

smallest ranks. The differences regard the part of the rank-choice curve preceding the final fall-off,

where the cases of the more compact settlements distinguish from the others: the distribution of

choice values in the whole grids of Leghorn and Pisa appears altogether similar, in a bigger scale, to

that already observed in the respective inner core, represented by two descendent lines, smoothly

linked, up to the final decay (figure 8). In the other cases (Lucca and Siena), the Paretian trend does

not seem to hold all over the range (fig. 9): the few top ranking segments (below 0.01% of their total

number) are represented by an almost horizontal line (the red line in fig. 9, with ß ≈ -0.15/-0.25) -, and

then a much steeper line (the green line in fig. 9, with ß ≈ -1.50) up to the usual fall-off. Two sharp

thresholds do hence appear: one dividing the two Zipf lines and the other pointing out the final cut-off.
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Figure 8. Rank-choice distribution in the grid of the whole settlement of Leghorn and Pisa. The grey dots in the diagrams at the

top represent the distribution in the inner core (fig. 5) for a comparison

With reference to the situation of more compact cities, here the skeleton (the red line in figure 9)

appears therefore reduced to a minimum number of segments, polarizing the paths all over the grid;

while the segments that remain excluded from the fractal structure become increasingly numerous,

representing the overwhelming majority in the whole grid. And these segments appear mostly

composing tree and tree-like networks, with poor clustering and absence of loops. And the results

from the analysis of the bigger cases of Florence and Bologna provide a clear confirmation of these

findings, so as to represent the effects of different modalities of growth on similar urban settlements

(fig. 9).

What specifically appears characterizing the settlements that have been developing according to a

lower density pattern can then be summarized as follows. First, a sharp fracture between the two

straight lines, materializing a brusque transition from the segments with highest choice values to the

others. Besides, the very small percentage of segments below such threshold. Moreover, on the

opposite side, the large number of segments lying beyond the final threshold that cuts off the Zipf law:

73% in Lucca, 69% in Siena, 78% in Florence (table 3).

The phenomenon can be described saying that in those settlements the distribution of choice exhibits a

fall-off from a power law as choice values increase: in other words, it is truncated at large choice

values, or upper-truncated, as the slope of the graph approaches zero. This trend, actually can be seen

also in the other settlements, in these four cases is far more pronounced, and made much more evident

by the subsequent and sharp increase of the slope: observed in a Paretian graph - with inverted axis –

it appears as a sharp fall down of the tail. What could be jokingly condensed saying that a low-density

development makes cities lose their tail.
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Figure 9. Rank-choice distribution in the grid of the whole settlement of Lucca, Siena, Florence and Bologna. The grey dots in

the diagrams at the top represent the distribution in the inner core (fig. 5)

In concrete terms, such results seem to indicate two complementary phenomena. First, the three lower

density settlements appear characterized by a pronounced polarization of movement paths onto a

skeleton of few highly chosen segments, which attract most of the whole traffic. Once again, these

inequalities in the distribution of choice can be highlighted by the curves of Lorenz, here reported in

figure 10, where the trend on the whole grid is compared to that on the inner core, already described in

fig. 6.
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Figure 10. The Lorenz curve of the distribution of choice in the whole grid of Leghorn, Lucca, Pisa, Siena, Florence, and

Bologna. The grey distributions refer to the inner core

In particular, the skeleton appears composed of the radial streets connecting the inner core to new
development areas, integrated, in some cases, by ring roads circumscribing inner core and outer
neighbourhoods. It is worth noticing that in Florence some of the highest values of choice correspond
to the segments of the motorway (fig. 9): in both cases the motorway borders the metropolitan area, so
as to get entangled within the urban road network, thus improperly supporting the working of the
system and diverting a significant amount of vehicular traffic from the streets grid, which is deprived
of the fertilization benefit provided by through movement (Cutini, 2016).
Second, the vast majority of the spatial elements of the grid remain deserted: the lower truncation of
the Zipf line, breaking of the scale free distribution, cut off three quarters of the streets, which no
longer participate in the hierarchy of spatial elements that concur in distributing the movement flows
all over the grid. Unlike what appears in the traditional compact cities, where the same hierarchical
pattern continues far ahead, maintaining unchanged the cut-off threshold of the inner core, the low
density development seems hence to materialize the breaching of the principle of multiplicity and to
subvert the rule of self-similarity in urban structures. The percentage p1 of segments below the upper
threshold and the p2 one beyond the lower truncation are summarized in table 3, highlighting the
polarization of movement around the most used streets as well as the large increase of the excluded
ones.
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p1% p2 (%) NACh

Lucca
inner core 10.0 50.0 1.05

whole grid 1.6 72.6 1.08

Siena
inner core 10.6 49.4 1.04

whole grid 0.9 69.2 1.02

Florence
inner core 5.5 52.8 1.12

whole grid 0.3 77.8 1.06

Table 3. Percentage of segments below the first threshold (p1) and beyond the second (p2) in Lucca, Siena and Florence

It is worth noticing that in all the three cases the percentage of segments below the cut-off threshold
greatly increase, despite a substantial invariance of the threshold position (NACh ~ 1.05): in other
words, what greatly increases is the percentage of segments with normalized choice value below 1.
On the basis of the idea, recalled above, that the grid is a ‘mechanism for generating contacts’ (Hillier,
1996) and that movement is the very interface between the urban space and its social use, such
polarization is likely to affect the individual and collective behaviours and, accordingly, many urban
phenomena as well. In other words, a variety of social and economic effects are involved, concerning
the density of the located activities, the distribution of centrality levels, the distribution of real estate
values, and so on. That’s to say that, in general, a low density pattern of growth is likely to favour a
widespread polarization of the settlement, with high values (of movement, of centrality, of property
values) in a handful of its parts and very low levels in the vast remaining areas. To such polarization
several aspects, commonly recognized as typical features of the suburban scenario, can mainly be
ascribed. Among them, the concentration of traffic on few radial and ring roads in the suburban and
periurban areas, with congestion effects; the impoverishment and progressive demise of retail,
traditionally scattered all over the housing fabric, in favour of the commercial strip development along
the main external roads, strong traffic collectors; the weakening of the positional appeal of the inner
cores and their functional emptying; the weakening of pedestrian movement in favour of car use.

4. CONCLUSIONS

The results discussed above allow to draw out of the observed cases some general conclusions.
First, it was noticed that the distribution of choice in its highest values approximates a Paretian trend,
thus appearing as a power function of their rank: in all the cases, in fact, we observed the presence of
a few number of lines with huge choice values, coexisting with a large number of small ones; number
that increases as their value decreases. Such trend, quite similar in all the case studies, is therefore
characterized by the absence of a peak and the lacking of a mean value: rather, values are distributed
according to a continuous hierarchy, spanning from the highest ones. It is a scale free distribution of
values that seems to depict a fractal structure of the urban grid, supposedly a hint of self-organization
of cities around natural movement.
The scale-free distribution is broken by the smooth transition from the segments with highest choice
values, forming the skeleton of the spatial system, to the others, descending up to the cut-off and the
final sloping decay.
The third observation concerns the position of this lower truncation, which appear different in our
cases, varying with the density and territorial pattern of the urban areas: in particular, the tail appears
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to decay early in the settlements that are characterized by a sprawling development, so as to leave an
increasing number of segments – far more than their majority - excluded from the network of mutual
interactions. This decay for the smallest choice values materializes the breaking in the hierarchical
organization of the spatial elements and the progressive marginalization of the least chosen ones – by
far more numerous - from the movement pattern all over the grid.
Such evidence, which appears confirmed in all the observed cases, suggests two inferences.
The first is that a low density development involves a diffused decrease in the connectedness of the
whole spatial system, which is likely depending on the proliferation of unique and pairwise
connections paths, in place of a complex network of multiple and redundant connections, operating at
different levels of scale; that is the emergence of a diffused tree or tree-like structure, characterized by
a large density of dead end and looped streets, which is responsible for the demise of the hierarchical
connections all over the grid: ‘whenever we have a tree structure, it means that within this structure
no piece of any unit is ever connected to other units, except through the medium of that unit as a
whole’ (Alexander, 1965; p. 50).
The second and more general conclusion is that sprawl can be appraised as a relational phenomenon;
which is commonly perceived in the forms of traffic congestion, lack of pedestrian movement,
depletion of inner cores, external concentration of shopping centres, absence of functional variety,
landscape desolation, loss of local identities: all established and undisputed issues, whose primary
cause, though, can be found in the configurational state, according to a clear logic and in measurable
terms. Whose distinctive hallmark seems to be, in such view, just the early and sharp upper cut-off of
the tail in the distribution of choice, which materializes the breaking in the scale invariance of the
system. In parallel with a strong polarization in the movement pattern all over the grid, which goes
concentrating onto a few number of paths so as to favour the strip development in the suburban areas,
an increasing number of streets, actually by-passed by the flows of through movement, is therefore
deprived of the fertilization benefits its irrigation provides. To this effect can be primarily referred
many of the deprecated features of the suburban landscape, among which:
- the weakening of the positional appeal of the inner cores and their functional emptying;
- the impoverishment and progressive demise of retail, traditionally scattered all over the housing

fabric, in favour of the commercial strip development along the main external roads;
- the demise of the mixité of land uses in favour of a functional subdivision;
- the weakening of pedestrian movement in favour of car use.
This implies the possibility of sketching some guidelines for the approach to the regeneration of
suburban areas. Multiple inter-connectness, to be obtained by means of a denser urban fabric, smaller
block sizes and redundancy of connections, not only can improve the resilience of the settlement
(Salingaros, 2005) and its adaptability to minor or major changes (Cutini, 2013); recomposing the
fracture in the ordered hierarchy of spaces, it can also contribute to mitigate the polarization of
movement flows, spreading them over the grid and reactivating the process of fertilization that a tree-
like pattern has gone withering.
The city as a material artefact, made up by the buildings, blocks and streets contouring them,
nourishes and makes possible an immaterial dimension: a relational city, consisting of the complex
network of social interactions that take place within its spaces, giving them life. The change of the
artefact, which the sprawling development materializes into a radical decrease in the density of
connections, deeply modifies the network of the spatial relationships within the grid, transforming the
inner geography of the settlement so as to shape the suburban scenario. What seems to substantiate the
farsighted Alexander’s admonition (1965; p. 55): ‘if we make cities which are trees, they will cut our
life within to pieces’.
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